Abstract. Kahn and Markovic [9] proved that the fundamental group of each closed hyperbolic three manifold contains a closed surface subgroup. One of the main ingredients in their proof is a theorem which states that an assignment of nearly real, complex Fenchel-Nielsen coordinates to the cuffs of a pants decomposition of a closed surface S induces a quasiFuchsian representation of the fundamental group of S. We give a new proof of this theorem with a slightly stronger conditions on the Fenchel-Nielsen coordinates and explain how to use the exponential mixing of the geodesic flow on a closed hyperbolic three manifold to prove that our theorem is sufficient for the applications in the work of Kahn and Markovic [9] .
Introduction
Kahn and Markovic [9] recently proved that the fundamental group π 1 (M ) of any closed hyperbolic three manifold M has a closed surface subgroup. Their proof uses the exponential mixing of the geodesic flow on M in order to find a "well-distributed" finite collection of skew pants in the three manifold M that have large and nearly equal cuff lengths, that are nearly flat, and that can be glued pairwise with nearly zero angles. The collection of skew pants has a subcollection P that closes to form an abstract closed surface S of (high) genus with nearly real, complex Fenchel-Nielsen coordinates on P. The final step in the proof of Kahn and Markovic [9] is to show that nearly real, complex Fenchel-Nielsen coordinates on P necessarily induce an isomorphism between the fundamental group π 1 (S) and a quasiFuchsian group. Our contribution is to give a new proof of this statement. In fact, we prove a slightly weaker statement by requiring that the imaginary parts of the complex Fenchel-Nielsen coordinates satisfy slightly stronger conditions and establish that this weaker statement is sufficient for the purposes of the proof of the surface subgroup conjecture along the lines in [9] . Our proof adopts the ideas of proving the injectivity of the bending along a measured lamination (cf. [7] , [8] , [13] ) which (at least conceptually) simplifies this part of the argument in [9] .
Let S be a closed surface of genus g ≥ 2 equipped with a pants decomposition P. Then P consists of 3g − 3 simple closed curves such that each component of the complement is a pair of pants. Following [9, §2] (see also §2), to each cuff C ∈ P we associate complex half-length hl(C) ∈ C/2πiZ and complex twist-bend parameter s(C) ∈ C/(2πiZ+hl(C)Z). An assignment of half-lengths and twist-bend parameters to C ∈ P induces a representation of the fundamental group π 1 (S) into P SL 2 (C). The representation is Fuchsian if and only if {(hl(C), s(C)} C∈P ∈ R 3g−3 .
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1
The following theorem characterizes a neighborhood of the real subspace R 3g−3 inside C 3g−3 which gives quasiFuchsian representations. We note that the size of the neighborhood is independent of the genus g. Theorem 1.1 (Kahn-Markovic [9] ). There exist universalǫ, K 0 > 0 and R(ǫ) > 0 such that the following is satisfied. Let S be a closed surface of genus g ≥ 2 and let P be a pants decomposition of S. If ρ : π 1 (S) → P SL 2 (C) is a representation which is discrete and faithful on each pair of pants in P and if the reduced complex Fenchel-Nielsen coordinates on each cuff C ∈ P satisfy (1) |hl(C) − R/2| < ǫ and (2) |s(C) − 1| < ǫ/R for some ǫ <ǫ and R > R(ǫ), then ρ : π 1 (S → P SL 2 (C) is injective and ρ(π 1 (S)) is quasiFuchsian. Moreover, let S be endowed with a hyperbolic metric whose reduced FenchelNielsen coordinates are hl(C) = R/2 and s(C) = 1 for each C ∈ P. Then there exists an injective mapf : ∂ ∞S → ∂ ∞ H 3 which conjugates π 1 (S) into the above quasiFuchsian group and which extends to a (1+K 0 ǫ)-quasiconformal map of ∂ ∞ H 3 onto itself.
We give a new proof of the above theorem under assumptions (2) and (3) |hl(C) − R/2| < ǫ/R.
Even though (3) is stronger than (1) (which makes our statement weaker than the above theorem), it turns out that this is enough for the purposes in [9] . At the end of Introduction we indicate how to see that (3) follows from the fact that the skew pairs of pants are "well-distributed" inside the three manifold which proves that the weaker statement suffices. One advantage of using (3) instead of (1) is that we do not need to require that ρ is discrete and faithful on pairs of pants in P in order to establish the injectivity of the representation ρ : π 1 (S) → P SL 2 (C). In particular, ρ is discrete and injective on each pair of pants of P if it satisfies (2) and (3) .
In [9] , Theorem 1.1 is proved by estimating the derivative (along a path of representations connecting the Fuchsian representation with the representation corresponding to the given reduced Fenchel-Nielsen coordinates) of the distance between the images in H 3 of two lifts of geodesics C ∈ P in H 2 from the above by a function of the distance between these two lifts of geodesics at the representation. This leads to an inductive argument which gives the desired theorem.
Our approach is to decompose each pair of pants in P into two ideal hyperbolic triangles by adding three infinite geodesics such that each end of each added geodesic spirals around a different cuff. The union of cuffs of P together with the added geodesics in each pair of pants is a maximal geodesic lamination λ in S with finitely many leaves. Letλ be the lift of λ to the universal covering H 2 . The reduced complex Fenchel-Nielsen coordinates {(hl(C), s(C)} C∈P induce a developing mapf : ∂ ∞ H 2 → ∂ ∞ H 3 which conjugates π 1 (S) < P SL 2 (R) into a subgroup of P SL 2 (C). The developing map extends to complementary triangles ofλ to define a pleated surfacef : H 2 → H 3 which is pleated alongλ (cf. [3] and also §3). Each pleated surface alongλ induces a finitely additive (C/2πiZ)-valued transverse cocycle α toλ which measures the shearing and the bending alongλ (cf. [3] ). The bending cocycle is the imaginary part β of the transverse cocycle α which is an (R/2πZ)-valued transverse cocycle toλ measuring the amount of the bending of the pleated surface. We translate the reduced complex Fenchel-Nielsen coordinates into the bending transverse cocycle β toλ as follows. An isolated leafl ofλ is on a common boundary of two complementary ideal triangles ∆ 1 (l) and ∆ 2 (l) toλ. Isolated leaves ofλ accumulate to each liftC of each cuff C ∈ P from both sides ofC. Let S be endowed with a hyperbolic metric whose Fenchel-Nielsen coordinates are {(Re(hl(C)), Re(s(C))} C∈P and divide each pair of pants of P into two hyperbolic hexagons Σ 1 and Σ 2 by drawing common orthogonal arcs between pairs of cuffs of each pair of pants in P. Each hexagon Σ on the surface S lifts to infinitely many hexagons in the universal covering H 2 . Recall the assumptions |Re(s(C)) − 1| < ǫ/R and |Re(hl(C)) − R/2| < ǫ/R, for R ≥ R(ǫ) and 0 < ǫ <ǫ. A cuff C is the union of two boundary sides of two hexagons coming from the pair of pants on one side of C as well as the union of two boundary sides of two hexagons coming from the pair of pants on the other side of C. The boundary sides of the hexagons from one side of C are not exactly matched along C with the boundaries of the hexagons from the other side of C but they are glued with a shift close to 1 by the condition |Re(s(C)) − 1| < ǫ/R. It follows that for each hexagon Σ i , i = 1, 2, on one side of C there is a unique hexagon Σ ′ i , i = 1, 2, on the other side of C such that the common subarc of their boundary sides on C has length close to R/2 − 1. We will say that Σ i and Σ ′ i are 0-neighbors in this case. Two liftsΣ i andΣ ′ i to H 2 of 0-neighbors hexagons are also called 0-neighbors if they meet along a liftC of C with a common subarc of length close to R/2 − 1 (cf. §3). If hexagonΣ is a lift of a hexagon Σ, thenΣ intersects infinitely many complementary triangles toλ. There is a unique triangle ∆Σ such that its intersection withΣ is a hexagon, and we call ∆Σ the canonical triangle of Σ (cf. §3 and Figure 1 ). Theorem 1.2. There exists C 0 > 0 such that the following holds. Let {hl(C), s(C)} C∈P be the reduced complex Fenchel-Nielsen coordinates that satisfy (3) and (2), and let β be the induced bending transverse cocycle to the laminationλ. Ifl is an isolated leaf ofλ and ∆ i (l), i = 1, 2, are complementary triangles toλ with a common boundary sidel, then 
Theorem 1.2 translates the original problem of whether the reduced complex Fenchel-Nielsen coordinates give a quasiFuchsian representation into whether a bending cocycle gives a quasiFuchsian representation. We point out that any condition on the bending cocycle that guarantees injectivity of the bending map on ∂ ∞ H 2 necessarily depends on the hyperbolic metric from which the bending starts. In our case, a sufficient information about the hyperbolic metric is given by the fact that a unit length hyperbolic arc in H 2 can have at most 2R + 2 intersections with the lifts of the cuffs (cf. [9, Lemma 2.3] and Lemma 3.2). When the transverse bending measure is countably additive, then it is well-known that the bending measure which is uniformly small on each transverse arc of length 1 gives a bending map which is injective on ∂ ∞ H 2 (cf. [7] , [8] , [13] ). The above sufficient condition for the injectivity of the bending along the measured laminations is universal in the sense that it does not depend on the genus of the surface and, in fact, it works for any surface including the unit disk. The main difficulty in proving that the bending along finitely additive transverse cocycles is injective on ∂ ∞ H 2 lies in the fact that the total variation of the transverse bending measure is infinite. However, conditions (3) and (2) guarantee that the bending map behaves "semi-locally" as the bending map along a measured lamination. Using ideas from [13] , we prove that the above conditions on the bending cocycle and the hyperbolic metric are sufficient to guarantee injectivity on ∂ ∞ H 2 of the bending map. Holomorphic motions provide the desired bound on quasiconformal extension of the restriction to ∂ ∞ H 2 of the bending map.
Theorem 1.3. Given C 0 , there existǫ > 0, K 0 > 1 and R(ǫ) > 0 such that for 0 ≤ ǫ <ǫ the following is satisfied. Let S be a closed hyperbolic surface equipped with a maximal, finite geodesic lamination λ such that each closed geodesic of λ has length in the interval (R − C0ǫ R , R + C0ǫ R ) for some R ≥ R(ǫ) and that each geodesic arc on S of length 1 intersects at most C 0 · R closed geodesics of λ. If a bending cocycle β transverse to the liftλ in H 2 satisfies (4) and (5) then the induced bending mapf
is injective and the induced representation of π 1 (S) is quasiFuchsian. The bending map extends to a (1
We give an analogue of the above theorem for non-finite geodesic laminations and bending (finitely additive) transverse cocycles [14] .
It remains to explain why the condition |hl(C) − R/2| < ǫ can be replaced with the condition |hl(C) − R/2| < ǫ/R. The geodesic flow on a closed hyperbolic three manifold M is exponentially mixing [12] . Let F (M ) be the 2-frame bundle over M . Since the hyperbolic Laplacian of M has a spectral gap the following holds by [12] . There exists q > 0 which depends on the three manifold M such that for any two C nif ty -functions ψ, ϕ :
where Λ is the Liouville measure on F and the constant C depends on the C 1 -norms of ψ and ϕ.
Let f ǫ : F (M ) → R be a non-negative C ∞ -function supported in the ǫ-neighborhood of a point in F (M 3 ) with F (M) f ǫ dΛ = 1, called a bump function for the ǫ-neighborhood. By applying (6) to f ǫ , Kahn and Markovic [9] proved that there exist triples of 2-frames, called tripods, that after traveling a long time t > 0 along the geodesic flow return to their ǫ-neighborhoods. These tripods define skew pairs of pants in M whose cuff lengths are R = 2t − 2 log It is possible to improve the estimate on the complex length of the cuffs of the above skew pairs of pants. Note that the constant C in (6) can be estimated (cf. [12] ) in terms of H , where C 0 is a fixed constant. Then, for a given time t geodesic flow, we consider bump function f ǫ/t for ǫ/t-neighborhood of a point in F (M ). The bump function f ǫ/t can be produced by scalling the domain and the size of f ǫ such that
, where p 2 (t) is a polynomial in t of degree 2. From (6) we get
2 e −qt → 0 as t → ∞. This implies that the skew pairs of pants have cuffs of the length R within ǫ/R, when we choose an appropriate value for t = t(R) thus obtaining (3).
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The reduced complex Fenchel-Nielsen coordinates
Let S be a closed surface of genus g ≥ 2 and let π 1 (S) be its fundamental group. Let P be a pants decomposition of S, namely P consists of 3g − 3 simple, closed curves on S such that the components of the complement of P are pairs of pants. A representation ρ : π 1 (S) → P SL 2 (C) associates to each cuff C ∈ P two complex numbers: the complex length and the twist-bend parameter. In total, 6g−6 complex numbers is associated to a representation ρ, called the complex Fenchel-Nielsen coordinates. The complex Fenchel-Nielsen coordinates were introduced in [10] and [16] , and it was proved there that the quasiFuchsian space of S is parametrized by an open subset of C 6g−6 which contains the real locus R 6g−6 . We use the reduced Fenchel-Nielsen coordinates introduced by Kahn and Markovic [9, §2] and we refer the reader to their article for more details.
Let α and β be two oriented geodesics in H 3 . Let γ be their common orthogonal oriented from α to β. The complex distance d γ (α, β) between α and β is defined to have a positive real part equal to the distance between α ∩ γ and β ∩ γ, while the imaginary part of d γ (α, β) is the angle between the parallel transport along γ of the unit tangent vector to α at α∩γ and the unit tangent vector to β at β ∩γ. Since the imaginary part of d γ (α, β) is well defined modulo 2πi, we have d γ (α, β) ∈ C/2πiZ (for more details, cf. [9, §2] ).
Let Π 0 be a pair of pants and π 1 (Π 0 ) be its fundamental group. Consider a representation ρ : π 1 (Π 0 ) → P SL 2 (C) which is faithful and loxodromic. Namely, the cuffs C i , i = 0, 1, 2, of Π 0 are represented by loxodromic elements ρ(C i ) ∈ P SL 2 (C). Let γ i be the axis of ρ(C i ) and η i be the common orthogonal to γ i−1 and γ i+1 , for i = 0, 1, 2, where the indices are taken modulo 3. Then the half-length hl Π0,ρ (C i ) of the curve C i associated to the representation ρ is d γi (η i−1 , η i+1 ) (cf. [9, §2] ).
Consider a representation ρ : π 1 (S) → P SL 2 (C) of the fundamental group π 1 (S) of a closed surface S of genus at least two into P SL 2 (C) and fix a pants of decomposition P. The representation ρ is viable if ρ : π 1 (Π) → P SL 2 (C) is discrete and faithful for each pair of pants Π of the pants decomposition P, and for any two pairs of pants Π and Π ′ with a common cuff C we have hl Π,ρ (C) = hl Π ′ ,ρ (C) (cf. [9] ). For a given viable representation ρ, we define the complex half-length of a cuff C ∈ P by hl(C) = hl Π,ρ (C) = hl Π ′ ,ρ (C) ∈ C/2πiZ, where Π and Π ′ are pairs of pants with one cuff C (cf. [9] ). Let Π and Π ′ be two pairs of pants with cuffs C i , i = 0, 1, 2, and
, respectively. The twist-bend parameter s(C) is the complex distance between unit tangent vector to η 1 at the point η 1 ∩γ 0 and the unit tangent vector to η ′ 1 at the point η ′ 1 ∩γ 0 . The choices involved guarantee that the complex twist-bend parameter s(C) is well defined in C/(2πiZ + hl(C)Z).
Pleated surfaces and transverse cocycles to geodesic laminations
Recall that S is a closed surface of genus g ≥ 2. Let λ be a maximal geodesic lamination on S, namely each component of the complement of λ is an ideal hyperbolic triangle. We do not need to specify a hyperbolic metric on S in order to be able to talk about geodesic laminations on S (cf. [3] ).
Let π : H 2 → S be the universal covering for a metric m and letλ = π −1 (λ). An abstract pleated surface for S with the pleating locus λ is a pleating mapf with the pleating locusλ from the hyperbolic plane H 2 into the hyperbolic three-space H 3 which is equivariant under the action on H 2 of the covering group G of S and the action on H 3 of a subgroup Gf of P SL 2 (C). If the continuous extension off from the ideal boundary ∂ ∞ H 2 of H 2 to the ideal boundary ∂ ∞ H 3 is injective then the group Gf is quasifuchsian andf projects to a pleated map from S = H 2 /G into the quasifuchsian three-manifold H 3 /Gf . In this article we consider only finite maximal geodesic laminations on S which are necessarily obtained by triangulating pairs of pants of a pants decomposition P of S as follows. Let Π 1 and Π 2 be two pairs of pants of P that have C ∈ P as one of its boundaries. It is possible that Π 1 = Π 2 . Assume that ideal triangulations of Π 1 and Π 2 are given. Let a j 1 for j = 1, 2 be the boundary edges of the triangulation of Π 1 whose one end accumulate at C, and similarly let a j 2 for j = 1, 2 be the boundary edges of the triangulation of Π 2 whose one end accumulate at C. LetC be a lift of C to H 2 . Then there are adjacent liftsã j 1 of a j 1 for j = 1, 2 that share an ideal endpoint x 1 withC, and there are adjacent liftsã j 2 of a j 2 for j = 1, 2 that share an ideal endpoint x 2 withC. Either x 1 = x 2 or x 1 = x 2 . If x 1 = x 2 then, we say that the triangulations of the two pairs of pants with common boundary C accumulate in the same direction on C. From now on, we assume that λ P is a finite, maximal geodesic lamination that is obtained by triangulating pairs of pants of P such that the triangulations of pairs of pants with common boundaries accumulate in the same direction at each C ∈ P.
Let {Π j } 2g−2 j=1 be the pairs of pants in P. Given a pair of pants Π j in P with cuffs C j i ∈ P, i = 1, 2, 3, denote by γ j i ∈ π 1 (S) the elements representing closed curves
, s(C))} C∈P be the reduced complex Fenchel-Nielsen coordinates that satisfy (2) and (3). By [10, Proposition 2.3], there exists a representation ρ : π 1 (S) → P SL 2 (C) which realizes {(hl(C), s(C))} C∈P such that ρ(γ j i ∈ P SL 2 (C), for i = 1, 2, 3, and j = 1, 2, . . . , 2g − 2 are loxodromic and ρ(γ j i ), i = 1, 2, 3, have distinct endpoints for each j = 1, 2, . . . , 2g − 2. Let S be endowed with the hyperbolic metric whose Fenchel-Nielsen coordinates {(Re(hl(C)), Re(s(C)))} C∈P are the real parts of the reduced complex FenchelNielsen coordinates {(hl(C), s(C)} C∈P . Let G be the covering group for the universal covering π : H 2 → S. Consider the liftsC to H 2 of the cuffs of P. Then there exists a developing mapf from the set of endpoints ofC ∈ P into ∂ ∞ H 3 which realizes the reduced complex Fenchel-Nielsen coordinates {(hl(C), s(C)} C∈P . The mapf extends to an abstract pleating map as follows. Letλ P be the lift of λ P to H 2 . Each geodesic ofλ P which is not a lift of a cuff has its both endpoints at the endpoints of two lifts of two different cuffs of a single pair of pants in P which implies that the endpoints are distinct. Thusf extends to map each geodesic ofλ P into a geodesic of H 3 . Since the complementary components toλ P are ideal hyperbolic triangles, it follows that we have an extensionf : H 2 → H 3 which determines an abstract pleated surface with the pleating locusλ P . Thus the representation ρ realizes the geodesic laminationλ P (cf. [2] ). An abstract pleated surfacef : H 2 → H 3 with a pleating locusλ P determines a (C/2πiZ)-valued transverse cocycle α to the geodesic laminationλ P (cf. [3] ). Namely, α determines a finitely additive assignment of a number in C/2πiZ to each arc transverse toλ P (with endpoints in the complementary triangles ofλ P ) which is homotopy invariant relative λ P . If k is a geodesic arc connecting triangles ∆ 1 and ∆ 2 , then we write α(∆ 1 , ∆ 2 ) = α(k) because α(k) depends only on the homotopy class of k relativeλ P . The real part of α is an R-valued transverse cocycle which completely determines the path metric on the pleated surface (cf. [3] ). The imaginary part of α is an (R/2πZ)-valued transverse cocycle β to the geodesic lamination λ P . The transverse cocycle β determines the amount of the bending of the pleated surfacef :
[3]). Our first task is to translate the conditions (3) and (2) in terms of the associated transverse cocycle toλ P . Letf : H 2 → H 3 be the pleating map corresponding to the reduced Fenchel-Nielsen coordinates {hl(C), s(C)} C∈P starting from the real Fenchel-Nielsen coordinates {Re(hl(C)), Re(s(C))} C∈P as above. We also lift the decomposition of the pairs of pants of P into right-angled hexagons. A right-angled hexagons on S lifts to an infinite collection of right-angled hexagons in H 2 . Fix a liftC ∈ π −1 (C) of the closed geodesic C and fix a lifted hexagon Σ that has one boundary side onC. Then there is a unique lifted hexagon Σ ′ with one boundary side onC which lies on the opposite side ofC such that the distance between the corresponding vertices of Σ and Σ ′ onC is equal to Re(s(C)). We say that Σ and Σ ′ are 0-neighbors. Thus 0-neighbors hexagons meet alongC and have an arc of length R/2 − Re(s(C)) in common (cf. Figure 1 ). If two hexagons Σ and Σ ′′ meet along their boundaries but they are not 0-neighbors then we call them 1-neighbors (cf. Figure 1) .
Fix a lifted hexagon Σ in H 2 . Among all complementary triangles toλ P there is a unique triangle ∆ Σ whose all three boundary sides intersect Σ. We call ∆ Σ the canonical triangle for Σ. Let Σ t be the intersection of Σ and ∆ Σ . Then Σ \ Σ t has three connected components each being a quadrilateral (cf. Figure 1) . Let H be the set of all lifted hexagons in H 2 . Then
separates geodesics in π −1 (C) (cf. Figure 2 ). We give a proof of Theorem 1.2 from Introduction. Let S be endowed with a hyperbolic metric whose Fenchel-Nielsen coordinates are {Re(hl(C)), Re(s(C))} C∈P . Let λ P be a maximal geodesic lamination obtained by triangulating pairs of pants of P such that the edges of the triangles from both sides of each C ∈ P accumulate in the same direction. Letf : H 2 → H 3 be the bending map with the bending locusλ P = π −1 (λ P ) which realizes the complex FenchelNielsen coordinates {hl(C), s(C)} C∈P , where π : H 2 → S is the universal covering. Denote by β the bending cocycle transverse toλ P forf . Letl be an isolated leaf ofλ P which is on the boundary of two complementary triangles ∆ 1 (l) and ∆ 2 (l) of λ P . Then
Moreover, let Σ 1 and Σ 2 be 0-neighbor hexagons and let ∆ Σ1 and ∆ Σ2 be their canonical triangles, respectively. Then
Proof. Let Π be a pair of pants in P with boundary curves C i , i = 0, 1, 2. Let l i , for i = 0, 1, 2, be the geodesics of λ P that triangulate Π such that l i+1 and l i+2 accumulate on C i , for i = 0, 1, 2, with the indices taken modulo 3. LetC i be a lift of C i to H 2 and letl i+1 ,l i+2 be consecutive lifts of l i+1 , l i+2 that share a common endpoint withC i . Let γ i ∈ P SL 2 (R) be the deck transformation corresponding tõ
Let r i+2 be the geodesic ray orthogonal tof (l i+2 ) that starts at the endpoint of f (l i+1 ) which is not in common withf (C i ). Let r ′ i+2 be the geodesic ray orthogonal tof (l i+2 ) that starts at the endpoint off (l ′ i+1 ) which is not in common withf (C i ). Define s i+2 to be the complex distance between the unit tangent vector to r ′ i+2 at r ′ i+2 ∩f (l i+2 ) and the unit tangent vector to r i+2 at r i+2 ∩f (l i+2 ). Define s i+1 using the geodesicsf (l i+2 ),f (l ′ i+1 ),f (l i+2 ) similar to the above. Then
is the complex translation length of δ i , for i = 0, 1, 2. Solving the above system gives
it follows that
Let Σ ⊂ H 2 be a lifted right angled hexagon from a pair of pants Π whose boundary sides lie on C i , i = 0, 1, 2. We fix liftsC i of C i such that three sides of Σ lie onC i for i = 0, 1, 2. Let Σf be the skew right angled hexagon whose three sides lie onf (C 1 ),f (C 2 ) andf (C 3 ). Then the complex lengths of these sides are hl(C 1 ), hl(C 2 ) and hl(C 3 ). These sides are called long sides and the other three sides of Σf are called short sides. Denote by h i the short side of Σf which connects f (C i+1 ) andf (C i+2 ). Then the hexagon cosine formula directly gives (cf. [4] , [9] where l(h i ) is the complex distance betweenf (C i+1 ) andf (C i+2 ). This implies
Let Σ 1 and Σ 2 be two 0-neighbors hexagons in H 2 , and let ∆ Σ1 and ∆ Σ2 be their canonical triangles. LetC ∈P = π −1 (P) be the geodesic which separates ∆ Σ1 and ∆ Σ2 , and let C = π(C) ∈ P. Note that both Σ 1 and Σ 2 have one boundary side oñ C. Normalize the bending map such that the ideal trianglesf (∆ Σ1 ) andf (∆ Σ2 ), have a common endpoint ∞, and thatf (C) has endpoints 0 and ∞. LetC j 1 for j = 1, 2 be the two geodesics ofP (different fromC) which contain boundary sides of Σ 1 , and letC j 2 for j = 1, 2 be the two geodesics inP (different fromC) which contain boundary sides of Σ 2 . We can assume that the twist-bend s(C) is the complex distance (alongf (C)) between the common orthogonal tof (C 2 ) andf (C) is also equal to the twist-bend s(C) (cf. Figure 3) .
We recall the definition of β(∆ Σ1 , ∆ Σ2 ) given by Bonahon [3] . Let W be the component of H 2 \(∆ Σ1 ∪∆ Σ2 ) which separates ∆ Σ1 and ∆ Σ2 . Denote byλ P (∆ Σ1 , ∆ Σ2 ) the set of leaves ofλ P which separate ∆ Σ1 and ∆ Σ2 , and orient them to the left as seen from ∆ Σ1 . The leaves ofλ P divide W into hyperbolic strips and the images underf of the hyperbolic strips are two-dimensional hyperbolic strips in H 3 . Each such hyperbolic strip intersects ∂ ∞ H 3 in two circular arcs with a possibility that one is reduced to a point such that one circular arc is bounded by the negative endpoints of the leavesf (λ P (∆ Σ1 , ∆ Σ2 )), and the other by positive endpoints. Let γ ∈ ∂ ∞ H 3 be an oriented, piecewise circular curve formed by concatenating the circular arcs bounded by negative endpoints from ∆ Σ1 to ∆ Σ2 . Let v ∆Σ 1 be the outward tangent vector to the circular arc of the intersection off (∆ Σ1 ) ∩ ∂ ∞ H 3 , and let v ∆Σ 2 be the inward tangent vector to the circular arc of the intersectioñ
is the angle under Euclidean parallel transport in C, β W is the signed curvature of the circular subarc W of γ and the sum is over all circular subarcs of γ. In our case, all circular arcs are Euclidean segments and each term of the sum in the above formula is zero. Thus we obtain
To finish the proof we refer to Figure 3 . Figure 3 . Similarly, the vector v ∆Σ 2 is parallel to the vector
2 ) and terminal point x ′ is an endpoint off (C 2 1 ) as in Figure 3 . We normalize the situation such that the short sides h 1 and h 2 of Σ 1 meetC at j = (0, 0, 1) ∈ H 3 and e −Re(hl(C)) j = Ce −R/2 j ∈ H 3 for e − ǫ R < C < e ǫ R . In this case, the points where the short sides h
R . If h 1 lies in the xz-plane in H 3 then x is an analytic function of the complex length l(h 1 ) of h 1 . An explicit (and elementary) computation shows that the derivative of x in the variable l(h 1 ) at the point l(h 1 ) = 0 is non-zero. Thus the euclidean distance from x to 0 ∈ ∂ ∞ H 3 is O(|l(h 1 )|) = O(e −R/4 ) (this holds without the restriction that h 1 is in the xz-plane). Since y is the image of x under the map z → e −hl(C) z, it follows that the distance between y and 0 is O(e −3R/4 ). Similar statements hold for x ′ and y ′ , respectively. Consider the Fenchel-Nielsen coordinates {(Re(hl(C)), s(C)} C∈P and letf Re be the corresponding developing map. We normalizef Re such thatf Re (C) has endpoints 0 and ∞, and thatf Re (∆ Σ1 ) andf Re (∆ Σ2 ) have a common endpoint ∞. Moreover, we require that the common orthogonal betweenf Re (C) andf Re (C Letf Im be the developing map which maps the pleated surface for {(Re(hl(C)), s(C))} C∈P to the pleated surface for {(hl(C), s(C))} C∈P and fixesC. Then
. In terms of the geometry, x is the image of the endpoint x 0 of the geodesicf Re (C 
where R b g is the hyperbolic rotation around the axis g ⊂ H 3 by the angle b ∈ R, and g
is the geodesic on the boundary of ∆ ′ i which is closest to ∆ k for k = 1, 2. Let P be the family of all complementary triangles toλ that separate ∆ 1 and ∆ 2 . If P p → P in the sense that P p is an increasing family with ∪ ∞ p=1 P p = P, then the limit
exists and it is independent of the choice of P p (cf. [3] ). Then
The following lemma is established in [9] . We give a different proof below.
Lemma 3.2. Under the above assumptions, a geodesic arc in H 2 of length 1 intersects at most 2R + 2 geodesics from π −1 (P), when R is large enough.
Proof. Let l be an arc of length 1 which transversely intersects geodesics ofP = π −1 (P). Let {C 1 ,C 2 , . . . ,C n } be the geodesics inP which intersect l in the given order and we orient them to the left as seen from the half-plane in H 2 \C 1 which does not containC 2 . For R large enough, consecutive geodesics in {C 1 ,C 2 , . . . ,C n } are connected by the short arcs of the hexagons (otherwise l would intersect two short sides of a single hexagon which would imply |l| ≥ R/4 > 1). GivenC j and C j+1 , let h j be the common orthogonal, and let x + j =C j ∩ h j and x − j+1 =C j+1 ∩ h j for j = 1, . . . , n − 1, and x + n = x − n . Given a ∈C j , define r(a) to be the signed distance between a and x + j . Issue a geodesic g a through a such that the angle of intersection betweenC j and g a is equal to the angle of intersection betweenC j+1 and g a . Let a ′ = g a ∩C j+1 . Then the signed distance between a ′ and x − j+1 is equal to r(a) and consequently the signed distance between a ′ and x + j+1 is r(a) − (1 ± ǫ R ) because the twist parameter is 1 ± ǫ R by the assumption. Let r − (a) denote the signed distance of a to x − j for a ∈ C j . Thus r − (a ′ ) = r(a) for a ∈ C j .
Let L j = l ∩C j . We compare the signed distance between L j+1 and x Figure 4) . By the sine formula for hyperbolic triangles we get By the condition on the twist parameters we have
Moreover, we have
. Assume that n ≥ 2R + 2. Then there is 1 ≤ j ≤ n such that |r(L j )| ≥ R by (8) . We find the contradiction with this inequality by proving that d(L j , L j+1 ) is too large in this case.
We prove that d(L j , L j+1 ) is too large. Without the loss of generality, we assume that the quadrilateral Q with vertices L j , x 
for a fixed C > 0 and R large enough. This implies that d(L j , L j+1 ) > 1 for R large enough which is a contradiction. Thus a geodesic arc of length 1 intersects at most 2R + 2 geodesics ofP.
Injectivity of the bending maps
The purpose of this section is to prove the following theorem which is the first statement of Theorem 1.3 from Introduction. We finish the proof of the remaining statements of Theorem 1.3 in the next section.
Theorem 4.1. Given C 0 > 0, there existǫ > 0 and R(ǫ) > 0 such that for each 0 ≤ ǫ <ǫ and R ≥ R(ǫ) the following is satisfied. Let S be a closed hyperbolic surface equipped with a maximal, finite geodesic lamination λ such that each closed geodesic of λ has length in the interval (R − ǫ R , R + ǫ R ) and that each geodesic arc of length 1 intersects at most C 0 R closed geodesics of λ. Assume that a bending cocycle β transverse to the liftλ in H 2 satisfies
ǫ R for each isolated leafl and complementary triangles ∆ 1 (l) and ∆ 2 (l) with common boundaryl, and (10) |β(∆ Σ1 , ∆ Σ2 )| ≤ C 0 ǫ R for the characteristic triangles ∆ Σ1 and ∆ Σ2 of each two 0-neighbors hexagons Σ 1 and Σ 2 (coming from the pants decomposition of S whose cuffs are closed geodesics of λ). Then the induced bending map
Proof. Let x, y ∈ ∂ ∞ H 2 be two different points. We need to prove thatf β (x) = f β (y). Let P be a pants decomposition of S whose cuffs are closed curves of λ. We fix a decomposition of S into hexagons as in §3 using the pants decomposition P and lift it to the universal covering π : H 2 → S. Recall thatλ = π −1 (λ) and P = π −1 (P). Let g be the geodesic in H 2 whose ideal endpoints are x and y. If g ⊂ H 2 \ T H t then g is a lift of some C ∈ P andf β (x) =f β (y) because g is in the bending locus off β .
Therefore we assume that g ∩ T H t = ∅. Fix a hexagon Σ 0 such that g ∩ Σ 0 t = ∅. Let P be a point in g∩Σ 0 t . The point P divides the geodesic g into two rays g ±1 . Let P 0 = P and assume that we have chosen points P ±1 , P ±2 , . . . , P ±n in the increasing order on g ±1 such that P ±k ∈ (Σ ±k ) t for distinct hexagons Σ ±k , for k = 1, 2, . . . , n. We define P ±(n+1) as follows. Let Σ ±(n+1) be the first hexagon after Σ ±n such that (Σ ±(n+1) ) t intersect g ±1 and that there exists a point P ±(n+1) ∈ g ±1 ∩ (Σ ±(n+1) ) t with d(P ±n , P ±(n+1) ) ≥ 1. If such hexagon does not exist, then we set P ±(n+1) to be the ideal endpoint of g ±1 . In this fashion we partition each g ±1 into consecutive arcs of lengths at least 1. It is possible that the partition is finite when P ±(n+1) is the endpoint of g ±1 .
Let g ⊂ H 3 be a geodesic ray with initial point p 0 , and let p ∈ g be another point. For 0 < θ < π, the cone C(p, g, θ) with vertex p, axis g and angle θ is the set of all w ∈ H 3 such that the angle at p between the positive direction of g and the geodesic ray from p through w is less than θ. Note that a cone is an open set. A non-zero vector (p, v) ∈ T 1 (H 3 ) uniquely determines a geodesic ray g which starts at the basepoint p of v and which is tangent to v. Then C(p, v, θ) is by the definition  C(p, g, θ) . The shadow of the cone C(p, g, θ) is the set ∂ ∞ C(p, g, θ) of endpoints at Let {P ±n } n be the points of the partition of g ±1 . We consider a sequence of cones {C(P ±n , g ±1 ,
for each n ∈ N and we say that the sequence of cones is nested.
If we prove that the images of the nested cones under the bending mapf β remain nested then we are done. Indeed, since x and y lie in the intersection of the shadows of all nested cones along g 1 and g −1 , since the shadows of C(P 0 , g 1 , π
2 ) and C(P 0 , g −1 , π 2 ) are disjoint, and iff β preserves the nesting of the cones, it follows thatf β (x) =f β (y). It remains to prove thatf β preserves the nesting of the cones. To see this, it is enough to normalizef β to be the identity on the canonical triangle ∆ Σ±n of Σ ±n and to prove that
for each n ∈ N. Let a ±n be the arc of g ±1 between P ±n and P ±(n+1) . Note that the length of a ±n is at least 1 and that it can be infinite. We first assume that a ±n has finite length. Let Σ 1 , Σ 2 , . . . , Σ k be the sequence of all hexagons such that (Σ i ) t ∩ a ±n = ∅, for i = 1, 2, . . . , k. Note that (Σ 1 ) t ∋ P ±n and (Σ k ) t ∋ P ±(n+1) . For a hexagon Σ, define C(Σ) to be the union of all hexagons which are connected by a sequence of 0-neighbors to Σ. Note that C(Σ) looks like a trivalent tree and that it has infinitely many boundary components which are made out of partial boundaries of the hexagons in C(Σ). It is important to note that either C(Σ 1 ) = C(Σ k−1 ), or C(Σ 1 ) and C(Σ k−1 ) share a boundary component. If not, then the subarc of a ±n which connects (Σ 1 ) t to (Σ k−1 ) t connects two boundary components of some C(Σ ′ ), where C(Σ ′ ) separates C(Σ 1 ) and C(Σ k−1 ). Note that the arc which connects a short side of a hexagon to a non-adjacent side of the same hexagon has length at least R/4, where the long sides of the hexagon have lengths R/2. It follows that the subarc of a ±n which connects two boundary components of C(Σ ′ ) has length at least R/4 − 3. Thus the above subarc of a ±n has length greater than 1 when R is large enough which is impossible.
If
such that the adjacent pairs of hexagons are 0-neighbors and a ±n intersects characteristic triangles of the hexagons in the sequence. If C(Σ 1 ) = C(Σ k−1 ) (and they share a boundary component) then we can choose a new sequence of hexagons
such that each pair of adjacent hexagons are 0-neighbors except one adjacent pair that are 1-neighbors, and that a ±n intersects characteristic triangles of the sequence. Note that the subarc of a ±n that connects (Σ 1 ) t and (Σ k−1 ) t is of length less than 1.
The hexagons Σ k−1 and Σ k are either 0-or 1-neighbors, or neither 0-nor 1-neighbors. If Σ k−1 and Σ k are either 0-or 1-neighbors, then
is a sequence of hexagons whose adjacent hexagons are 0-neighbors with the exception of at most 2 pairs which are 1-neighbors. Note that the arc a ±n could have large length in general. If Σ k is a 0-neighbor of Σ k−1 then there is an arc b ±n from the second point of the intersection of a ±n with the boundary of (Σ k−1 ) t to the boundary of (Σ k ) t that has length less than 2. To see this, letC ∈ π −1 (P) =P be the geodesic which contains one boundary side of both Σ k−1 and Σ k . Then the boundary side of (Σ k−1 ) t closets toC is in the C 1 e −R/4 -neighborhood ofC for some C 1 > 0, and the same statement is true for (Σ k ) t . Since Σ k is shifted by 1 ± ǫ R with respect to Σ k−1 , it follows that such b ±n exists. Thus the set of geodesics ofλ = π −1 (λ) that intersect a ±n also intersect a geodesic arc c ±n with the initial point P ±n and of length at most 3. Assume now that Σ k and Σ k−1 are 1-neighbors and thatC ∈P separates them. Let Σ ′ k be the 0-neighbor of Σ k−1 which is separated byC from Σ k−1 . It follows that the geodesics ofλ which intersect a ±n except possibly the last geodesic (namely, the geodesic which contains one side of (Σ k ) t closets toC) intersect a geodesic arc of length at most 3 with one endpoint P ±n . This follows simply by applying the above reasoning to the sequence
suffices to get the same conclusion. We give a proof of the nesting for the second case discussed above and the first case above is a subcase of the second. Namely, we are assuming that the set of geodesicsλ(a ±n ) ofλ which intersect a ±n is also intersected by a geodesic arc c ±n of length at most 3 with the initial point P ±n with a possible exception of one geodesic inλ(a ±n ). We consider the bending map (f β )| ∆Σ k = ϕ ∆Σ 1 ,∆Σ k . Let g k be the geodesic ofλ which contains the boundary of (Σ k ) t and that separates (Σ k ) t and (Σ ′ k ) t . If (Σ k ) t ∩ a ±n comes before (Σ ′ k ) t ∩ a ±n along a ±n then c ±n does intersect ∆ Σ k and this subcase of the second case reduces to the first case. Therefore, we assume that (Σ k ) t ∩ a ±n comes after (Σ ′ k ) t ∩ a ±n along a ±n . The geodesic g k might not intersect c ±n . We have
′ k is the 0-neighbor of Σ k−1 that is separated from Σ k by the geodesic g k . We normalize such that P ±n = j ∈ H 3 and P ±(n+1) = e −m j, where m ≥ 1. Then v = {e −m j, −j} is a tangent vector to a ±n at the point P ±(n+1) pointing towards the ideal endpoint of g ±1 . Lemma A.3 and the assumptions give (11)
′ > 0 when ǫ > 0 is small enough and R ≥ 1, where {e −m j, −j} ∈ T H 3 is a tangent vector to H 3 based at e −m j and the function D T H 3 (·, ·) is defined in Appendix formula (14) .
We consider
be canonical triangles of two adjacent hexagons from the sequence Σ andC i in the decreasing order from ∆ Σi+1 . Let x 1 be the length of the arc of h i between f 1 and f 2 , and let x 2 be the length of the arc of h i between f 2 and f 3 . Note that f m is mapped to f m+2 by the hyperbolic translation γ i with the axisC i and the attracting fixed point 0 ∈ ∂ ∞ H 2 . Then the distance between f 2m+1 and f 2m+2 is
, and similarly the distance between f 2m+2 and f 2m+3 is x 2 e − ml(γ i ) 2 for m ∈ N (cf. Figure 5) . Therefore, the sum of the lengths of the gaps of h i except the first two gaps and the last two gaps is bounded by C|h i |e −l(γi)/2 .
Note that
R . By the uniform boundedness of the composition of rotations [3] , there exists C > 0 such that
where the sum is over all gaps d of c ±n , k d is the subarc of c ±n from P ±n to a point in d, and g
) is the leaf ofλ which contains the endpoint of d closer to ∆ Σ1 (∆ Σ k ). We divide the above sum over the gaps of c ±n into two sums ′ and ′′ . The first sum ′ is over all gaps c ±n ∩ ∆ Σ ′ i , for i = 1, 2, . . . , k, and c ±n ∩ ∆ i l , for l = 1, 2, and the second sum ′′ is over the remaining gaps. The first sum is finite. By Lemma 3.2, k ≤ 2R + 2 ≤ 4R for R ≥ 1 and by the finite additivity of β, we have that
. . , k and l = 1, 2, and some constant C 1 > 0.
Lemma A.4 implies
It remains to estimate ′′ . We proved above that the total length of the gaps of h i with respect to the family F i of complementary triangles except for the first two and the last two gaps is less than Ce −R/2 |h i |. Since 
for some C 5 > 0. Then ′ + ′′ can be made arbitrary small when ǫ > 0 is small enough and R > 0 is large enough. The above, Lemma A.3 and
is as small as needed for ǫ > 0 small enough and R > 0 large enough. Then (12), Lemma A.2 and the above prove that the assumptions of Lemma A.1 are satisfied for ǫ > 0 small enough and R > 0 large enough. Thus the nesting forf β on a ±n follows by Lemma A.1. We chooseǫ > 0 and R(ǫ) > 0 accordingly. We assume now that Σ 
. Then, the above implies that
where g 
is as small as needed for R large enough. Indeed, the subarc of a ±n from the second point of the intersection with the boundary of (Σ k−1 ) t to the first point of intersection with the boundary of (Σ ′ k ) t is inside one complement of T H t as well as long sub arcs of the set of geodesics {g 1 , . . . , g s+1 }. Thus a ±n and {g 1 , . . . , g s+1 } remain in a neighborhood of oneC ∈P for a long distance when R is large. It follows that the angles of intersections between a ±n and the geodesics in {g 1 , g 2 , . . . , g s+1 } are small for R large enough and the above applies. The reasoning in the first case applies to ϕ ∆Σ 1 ,∆ Σ ′ k and we have the nesting of the images of the cones at the endpoints of a ±n under the bending map
is "above" ∆ Σ k then symmetry reduces to the previous case.
It remains to consider the case when a ±n has infinite length (in which case the endpoint of a ±n is also the endpoint ofC ∈P and a ±n ⊂ H 2 −T H t ). An elementary (euclidean) considerations prove that when R ≥ 1 the number of geodesics ofλ that intersect the geodesics subrays of a ±n which connect two sides of a single hexagon is at most 6. Indeed, assume that a ±n is the geodesic arc in H 2 with the initial point i − e −R/4 and the endpoint 0 ∈ ∂ ∞ H 2 . Then a ±n is a circular arc with the
and the radius a. The x-coordinate of the intersection of a ±n with the horizontal line y = e −R/2 is estimated to be more than e −3R 2. Since the translation length of the element γ fixing the y-axis is e −R/2 and since γ identifies every second geodesic ofλ that have endpoint ∞, the claim follows. Then applying Lemma A.3 finitely many times to the sequence of subarcs of a ±n of lengths R/2, we obtain a nesting property along this sequence. Thusf β is injective for ǫ > 0 small enough and R > 0 large enough. We chooseǫ and R(ǫ) as the minimum of the choice in all the cases considered.
Holomorphic motions
We finish the proof of Theorem 1.3 using holomorphic motions. This proof is standard once the injectivity is established (cf. [8] , [7] and [13] ). Holomorphic motions were introduced and studied in [11] and the key extension property is proved in [15] .
The endpoints of the representations of elements of π 1 (S) vary holomorphically in the complex Fenchel-Nielsen coordinates. We established that the holomorphic variation is injective on the set of endpoints when the parameters are close to being real in the sense of (2) and (3). Thus the holomorphic variation of the endpoint of π 1 (S) is a holomorphic motion which extends by the lambda lemma (cf. [11] ) to a holomorphic motion of the unit circle. Then there exists an extension to a holomorphic motion of the complex plane (cf. [15] ). It follows thatf β extends to a quasiconformal mapping of the complex plane and that the quasiconformal constant is less than 1 + K 0 ǫ for ǫ > 0 small enough and fixed K 0 > 0 (cf. [11] ). The extension off β can be chosen to be equivariant with respect to to the action of π 1 (S) (cf. [5] ) which finishes the proof of Theorem 1.3. where ∠(u, v) is the angle between the vectors u and v after the euclidean transport in
Lemma A.1. Given m 0 > 0, there exists δ = δ(m 0 ) > 0 such that for any m ≥ m 0 we have
where {P, v} ∈ T H 3 satisfies D T H 3 ({P, v}, {e −m j, −j}) < δ.
Proof. Let x be the center of the Euclidean hemisphere (orthogonal to C) that passes through P and touches the unit Euclidean hemisphere orthogonal to C with the center 0 ∈ C ⊂ ∂ ∞ H 3 (cf. Figure 6 ). Let y = Z(P ) ∈ C and let ϕ be the angle between euclidean segments P x and P y at the point P .
An elementary (Euclidean) considerations give 
Since the angle (at the point P ) between the hyperbolic geodesic connecting j to P and the euclidean segment P y is less than ϕ, the above inclusion implies (15) for δ(m 0 ) < C 2 (m 0 ).
Lemma A.2. Let g ∈ P SL 2 (C) with g − id < 1 2 and let {z + tj, u} be a tangent vector to H 3 such that Proof. Denote by g the Poincaré extension of g(z) = az+b cz+d with ad − bc = 1 given above. Then ht(g(z + tj)) − e −m = t |cz + d| 2 + |c| 2 t 2 − e −m ≤ C 1 e −m δ + C 2 e −m g − id for constants C 1 , C 2 > 0 independent of m > 0 and for all g ∈ P SL 2 (C) with g − id ≤ and
This gives that ∠(−j, v) ≤ C ′′′ (δ + g − id ).
The lemma is proved.
Let L = {(0, 0, t) : t > 0} ⊂ H 3 be the geodesic through j = (0, 0, 1) ∈ H 3 with the ideal endpoint 0 ∈ C ⊂ ∂ ∞ H 3 .
Lemma A.3. Let h be a geodesic in H 2 ⊂ H 3 that intersects L between points j and e −r j for some r ≥ 1. Given ǫ 0 , δ 0 > 0, there exist C(r, ǫ 0 , δ 0 ), C 0 (r, ǫ 0 , δ 0 ) > 0 such that D T H 3 (R 
= sin 2 ǫ cos θ + cos 2 ǫ which implies
We go back to the assumption that L = {(0, 0, t) : t > 0}. By (18), the absolute value of the angle |ǫ 1 | between L and R θ g (L) is less than 
